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MATHEMATICS MODULE 57-36-25
PARTIAL DERIVATIVES

PREREQUISITES

Mathematics Module 57-36-20, "Solid Analytic Geometry"

MATERIALS NEEDED

The text, Caleulus and Analytic Geometry, second edition, by Douglas F. Riddle and
published by Wadsworth. In addition, you may find it useful to consult the Schaum
College Outline Series book, Calculus, published by McGraw-Hill. This contains
many problems with detailed solutions. Both books are available in the campus

bookstore.

If you wish, also consult any calculus text by Tooking in the index under
"Partial Derivatives" or "Functions of Several Variables." These other texts may

often present the same material from a slightly different viewpoint.

LOCATION

Anywhere

RATIONALE

Differential calculus of a function of one variable is very powerful in solving

a great variety of problems. However, many problems require the use of several
independent variables, and thus it is necessary to devise methods for analyzing
functions of several variables. In this module, you will study functions of

two variables and examine how some concepts of differential calculus can be defined

for these functions and then applied to help in the analysis of these functions.



0BJECTIVES

Terminal Objective

You will be able to determine the partial derivatives of a func-
tion of two variables and use them to find derivatives of implicit
functions, total differentials, directional derivatives, tangent
planes of surfaces, and the relative maxima and minima of a func-
tion of two variables.

Enabling Objectives

36-25.1

36-25.2

36-25.3

36-25.4

36-25.5

36-25.6

36-25.7

36-25.8

36-25.9

You will be able to (1) explain the concept of a limit
of a function of two variables, and (2) evaluate certain
limits of functions of two variables or demonstrate that
the limit does not exist.

You will be able to determine the partial derivatives
and higher order partial derivatives of a function of
several variables.

You will be able to use the chain rule to determine
derivatives and partial derivatives.

You will be able to use partial derivatives to determine
derivatives and partial derivatives of implicit functions.

You will be able to determine the total differential of a
function of two variables and to determine when a differ-
ential expression is an exact differential.

You will be able to use the total differential in approxi-
mation problems.

You will be able to find the gradient of a function of twe
variables and the directional derivatives of a function
of two variables.

You will be able to find the equations of the tangent
plane and the normal Tine of a surface at a given point.

You will be able to determine the relative maxima, rela-
tive minima, and saddle points of a function of two
variables.




LEARNING HIERARCHY

| Terminal Objective |

25.9
25.8
25.6 25.4
25.5 25.3 25.77
25.2
25.1
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LEARNING ACTIVITIES

Instructions

The module is divided into units corresponding to chapter sections in the text.
Each of the units contains most of the following titles: Unit Objective,
Premeasure, Study Pages, Learning Supplement, and a Self-Assessment test. These
titles should be used and studied in the order in which they appear. For example,
in some sections the study pages will occur before the explanatory material while

in other sections this order might be reversed.

Upon completion of all the learning activities, you should take the Module Self-
Assessment test found on the last page(s) of this pamphlet. This self-assessment
test is just another form of the mastery exam that you will take for credit. Thus,
if you can work>90% of the exercises on the self-assessment test correctly,

you should also be able to successfully complete the mastery exam at the 90% level.

Remember that there are tutors and instructors in College IV who want to help you

with any questions you have.

If you believe that you already understand the material presented in a unit, try
the self-assessment for the unit first. If you successfully complete it, go

directly to the next unit.

Each premeasure involves concepts necessary for successful compietion of the unit.

If you have trouble with a premeasure, contact a tutor or instructor.

If you have trouble with an assigned exercise, check the corresponding example

which appears either in the text or in Schaum's book.

The answers to all exercises that appear in the module are in the "Answer Section"

of the module under the same unit number.
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Unit 36-25.1

36-25.1 You will be able to (1) explain the concept of a limit
of a function of two variables, and (2) evaluate certain
Timits of functions of two variables or demonstrate that
the 1imit does not exist.

Premeasure

Evaluate each of the following Timits or show that it does not exist.

1. lim L;(L 2. lim Ix] 3.0 lim Ixl

x 0" x + 0" x>0 X

Study Pages
Riddle, pages 668-670, Section 21.1

Learning Supplement

It is helpful to compare, in intuitive terms, the definition on page 668 with that

for lim f(x) = L. Intuitively, 1im f(x) = L means: (1) There exist numbers
X > a X + a

in the domain of f arbitrarily close to a, and (2) the distance from f(x) to L

(i.e., |f(x) - L| ) approaches zero as x gets closer to a. This is very similar

to what is said in the definition on page 668 for 1im f(x,y) = L. Part (a) means
X+ a
y~=b

that there exist points in the domain of f arbitrarily close to (a,b), and (b) means

that the distance from f(x,y) to L approaches zero as (x,y) approaches (a,b) from

any direction.

Note the importance of the last part that states, "as (x,y) approaches (a,b) from
any direction.” For functions of one variable, x can approach a in only two

directions, from the left or from the right; that is, lim f(x) exists if
X+ a

Tim _ f(x) = 1im
X+ a X+ a

+ f(x). However, for functions of two variables, (x,y) can



approach (a,b) in "infinitely" many ways. One technique used to approach (a,b)
from various directions is to approach (a,b; along straight lines through (a,b).

For example, you could determine:

Yy l -
H -~
______ -____.._-.K-.._-__-____________ y:b
-~ i (a,b)
~ |
~ h
A 3
1
L X
13
1
x=a

1. lim f(x,y) as (x,y) approaches (a,b) along the Tine y=b
X +a

y=+b

2. 1im f(x,y) as (x,y) approaches {a,b) along the line x=a
X + a

y=>b

3. lim f{x,y) as (x,y) approaches (a,b) along the Jine Z. You
X +a

y=+b
must determine thé equation of I.
When you restrict (x,y) to being on a straight line, you should be able to express

z = f(x,y) as a function of one variable. For example if z = f(x,y) = x2y - 3xy,

then,

a. Along the line y = 2, z = f(x,2), = 2x2 - 6x
b. Along the Tine x = 1, z = f(1,y)
c. Along the line y = x + 1, z = f(x,x+1) = x2(x+1) - 3x(x+1)

Getting back to limits, in order for 1lim f{x,y) to exist, the same value for the
X > a

y =+
limit must be obtained no matter how (x,y) approaches (a,b). Study Example 2,
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page 670. Here it was shown that the 1imit does not exist by showing that
different values for the limit are obtained when (x,y) approaches (0,0) along
the line y = 0 and when (x,y) approaches {0,0) along the line x=0. Sometimes
lines that are not parallel to the coordinate axes must be used. This is shown

in the following example.

Example:  Show that 1im sin(xy) does not exist.
+0

M x2+y2
y=0
Solution: As (x,y) approaches (0,0) along the line y=0, 1lim ﬁ%%%l =
- X+ 0
y=>0
Tim X%= 0. Similarly, as (x,y) approaches (0,0) along the
x>0

line x=0, xlimo %ﬁl = 0. However, as (x,y) approaches
y->20
(0,0) along the line y=x,
Tim  Sinlxy) o oqyp sinx? _ogp0 2xcosx?

X+ 0 X2+y2 >0 2x2 x>0 4x
y=0

R 2cosx2 - 4x2sinx? 2 1
Jim S st 7

Thus, 1im ﬂ—"zé—&zﬂ— does not exist.
x+0 XV

y=>0

Exercises

Riddle, page 674, problems 31, 32, 33

Self-Assessment 36-25.1

2 _ 2
1. Show that Tlim §2—+=Yy7 does not exist.
x>0

y->0
2. Evaluate the 1imit of Problem 1 if (0,0) is approached along the line, y = 2x.

X s
3. Show that T1im 9%1 does not exist.
x+0 XY
y+0
_7-



Unit 36-25.2

36-25.2 You will be able to determine the partial derivatives

and higher order partial derivatives of a function of
several variables.

Study Pages

Riddle, pages 670-673, Section 21.2

Learning Supplement

Study the definition of 3Z 3z 4y pages 670-671. There are two very important

ax ~ 3y

things to keep in mind when dealing with partial derivatives.

M

(2)

Wher finding %% (or g;-), keep in mind that y (x) is to be
treated as a constant when differentiating. For example,

if z =f(x,y) = ye* - x2y, then %; = ye* - 2xy. This is

"just 1ike" finding g-(x) for g{x) = 2&* - 3x2[g’(x)=2ex—3-(2x)] .

Geometrically, for z = f(x,y) (a b)(= the partial deriva-

of
> X
tive of f wrt x at (a,b)) is the siope at (a,b,f(a,b}) of the
curve formed by the intersection of the surface of z = f(x,y)
and the vertical plane y=b, i.e., (x,y) is restricted to the

Tine y=b, the x-direction.

------------------- y=b (x-direction)

cmmcsnsncrvmmmhercr e r——————

x=a (y-direction)
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The equation of this curve is z = g(x) £ f(x,b), and its

slope at (a,b,f(a,b)) is g*(a) =

af
ax {(a,b)"

Similarly, af is the slope of z = f(x,y) at (a,b,f(a,b)) in the y-direction,
ay | (a,b)

i.e., the slope at (a,b,f(a,b)) of the curve formed by the intersection of the

surface of z =

Example:

f(x,y) and the

If z = f(x,y)
of _ y2
ax Y& T2

vertical plane x=a.
2
= yex + )i— , then

f L x .2y af = o2
3y et and ax | (2,1) &

s

af -
ay Tt

Although this is the best way to find partials, it might be helpful to consider

this by Tooking at the intersection of the surface represented by z = f(x,y) =

Thus, g-(2) = e2 -

ye* + %-and the plane y=1. Then z = g(x) = f(x,1) = &* + %—, and g°(x) = et - £5 .
1 _ af
7 x| (2,1)

As a final note, you should be sure you understand the notation for second partial

derivatives.

A% _ 3
Xz X

32f _ 3

yz 8y

a2 f
3yax

82
IX3y

Exercises

In the above

(ye" - Xg') = yet s 22

X

29y .2
(" +55) = 2
2 _ ¥
ay e -z )

example,

X3

Riddle, pages 673-674, Section 21.2, Problems 1-27 (odd)



Self-Assessment 36-25.2

For Problems 1 and 2, find gi—, %;»at the point indicated.
1. z = xycosy? at (1,0,1)
X
Z
2. z=xe'" at (0,1,1)
3z 3%z 32z 3%z 32z

. 3z
For prob]ems 3 and 4, find ax ,W, 3)(—2 N 3“)7‘2— , W N 5)737

3. 7 = X€OS
Y

4. z = 1In(x2 + y2)

Unit 36-25.3

36-25.3 You will be able to use the chain rule to determine
derivatives and partial derivatives.

Premeasure

Find % for:

1.y = sin(4x242x)

u .
2. y=e,u-=sinx?

Study Pages
Riddle, pages 674-679, Section 21.3

Learning Supplement

If you are wondering which theorem in this section is called the chain rule, the

answer is that they all are. In determining which theorem to use for a particular

function and whether to use an ordinary derivative or a partial derivative, you

should first ask yourself, "Is the function in question a function on one or

more variables?" The (correct) answer to this question should help you.
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example:

(1) 1In Theorem 21.2, z is a function of x and y, (so == , =

must be used), and x,y are functions of t, (so g—),é s g%

must be used). Hence, we can consider z a function of t and

compute g—i by

sz de, 9z, dy

ax — dt 3y dt

Qo
o+ N

(2} 1In Theorem 21.3, z is a function of x and y, and y is a
function of x. This is a special case of Theorem 21.2 with

t=x (d—ié g—§= 1), and so,

1t

dz _ 3z, 3z _ dy

dx 3X Ay dx °

3z dz

Note the distinction between X and ax in this formula.

This is explained on the bottom of page 677 in Riddle.

3Z 3Z

(3) In Theorem 21.5, z is a function of x,y (so % Wmust
. 3X  3X
be used, and x,y are both functions of u,v (so TR
g{— s %\‘/ﬁ must be used). Thus, z is a function of u and v
3z 3z . .
and B0 7 ag can be calculated using the formulas in

Theorem 21.5

You should now go back and restudy the examples in the text keeping these ideas

in mind.

Example: If z yandx usinv, y = ucosv, find 3 BV

Solution: =z is a function of x,y and x,y are functions of u,v.

Thus, z is a function of u,v and %—i— . -g—:-make sense.
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9z _ 3z 3X ., 3z 3y 1. -x
9z _ L 2X 8L = L. + =2, =
au . 3% 3u T 3y au y ~SInv F g cosy

ysinv - xcosv

y2
3z _ 9z X, 3z 3y

X . _
v % By 5y " 3v ucosv - v (-usinv) =

=

yu cosv + ux sinv
y2

Exercises

Riddle, page 679-680, Section 21.3, Problems 1,3,7,9,11,12,21,23,30,31

@
N

Solutions: 12) P 4(2u+v)(2v-u) - (2u+v)?
%% = 2(2u+v)(2v-u) + 2(2u+v)2

dv _ in3

30) i 65w i

Self-Assessment 36-25.3

1. Ifz=x3-y, x-= tet, y = sint, find %% .
=X ey = Vofind 22 az
2. If z v’ X=ue,y=u+e, find 3 and oy

3. If z = x2y + x and y = xe¥, find %ﬁ .

4. The power P in watts expended by a resistor of R ohms with a current of I amps
is given by P = I2R. At a certain instant in time, I = 40 amps and is in-
creasing at the rate of 0.5 amp/sec, while R = 30 ohms and is decreasing at
the rate of 0.4 ohm/sec. Find the rate of change of P with respect to time

at that instant.
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Unit 36-25.4

36-25.4 You will be able to use partial derivatives to determine
derivatives and partial derivatives of implicit functions.

Premeasure

Find —gii if

1. x2+y2=4

2. y2sinx = l-cosy

Study Pages
Riddle, pages 680-682, Section 21.4

Learning Supplement

Note that we are not studying any material beyond page 682 in this section. Recall
that from Chapter 4, Section 6, an equation in x and y could be interpreted as
defining y as a function of x, and then it was possible to find g{-by differentiati
both sides of the equation with respect to x (see the Premeasure). Theorem 21.4

is just another way of finding g¥~, this time using partial derivatives. Note

that while we still consider y to be a function of x, for Theorem 21.6, we set

F(x,y) = 0, where F is a function of the two independent variables x and y, and

e 3F  F ind 4¥
then determine 5% ° 3y to find a5

Example: Find gx—if y2sinx = 1-cosy (Premeasure 2)

dx

Solution: Set F(x,y) = y2sinx + cosy - 1 = 0.

F -2 3F inx - si
Then, 3% Y4COSX, 3y 2ysinx siny, and
aF
dy o _ _8x  _ _ __ y%cosx
dx aF 2ysinx - siny °
oy
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Theorem 21.7 deals with the more complicated case where F(x,y,z) = 0 and z is
considered to be a function of x and y, i.e., z = f{x,y). So, we want to find

3z 2z i F - 3F
X By Theorem 21.7 shows how these can be found in terms of 5 * 3y °

3F
3z *
(Note: F is a function of 3 variables.} ~The equation,

i.a—)-(--i- i.ﬂ+ Ef_.a—z=0
3X  ox ay oX az X

on page 681 is obtained by using the chain rule (Theorem 21.5 expressed for a

function of three variables). Then since x,y are considered to be independent

variables, %% = 0. Also, %§-= 1, and it then follows that,
oF
8z _ _ _3x
ax aF
9z
. 2 2 _ ; %z 9y
Examplie: If x%-xyz + z 2, find 3% ° Bx

Solution: First, F(x,y,z) = x2 - xyz + 22 -2=0

Considering z as a function of x and y,

3F
3z _ o _3X .. 2x-yz _ yz-2X
x 3F Xy + 2z =~ 2z - xy
3z

Considering y as a function of x and z,

aF
Y . _Bx  _ . 2x-yz _ 2x-yz
X oF -XZ Xz
3y

Exercises

Riddle, page 687, Section 21.4, problems 1, 3, 5, 7, 9, 11
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Self-Assessment 36-25.4

1. IF (@ +y)2 +y =2, find ¥

2. If sinxy = cosx + cosy, find %%

2 = (y-2)3. find 22 . 32 3y
3. If (xty) (y-2)3, find 2%, oy and 5
Unit 36-25.5

36-25.5 You will be able to determine the total differential of
a function of two variables and to determine when a
differential expression is an exact differential.

Premeasure
1. Find dy if y = x3 - x2.

2. Find dy if x2 + y2 =9

Study Pages
Riddle, pages 688-690, Section 21.5 (through Example 3)

Learning Supplement

Recall from Section 6.3 the differential for a function y = f(x) of one variable
is defined as dy = f*(x)dx, and that dy is used to approximate ay = f(x+ax) - f(x)
when ax, Ay are small and dx = aAx. It was also pointed out that dy is a function
of the two independent variables x and dx, and dx could be any real number, but

applications require that ax and dx be small (see Diagram 6.15, page 147).

For a function z = f(x,y) of two variables, the total differential is defined
formally as:

dz= g+ 3

ax 3§'dy

-15-



It should always be remembered that dz is a function of the four independent
variables x, y, dx, dy, and that nothing is said about dx and dy being small.
However, in the next section, it will be shown how dz can be used to approximate

Az = f(x + Ax, y + Ay) - f(x,y) when ax, Ay, dx, dy are small.

The development of the concept of an exact differential in the text is quite good.
Just be sure that you keep straight which variable you are using for differentia-

tion or integration. Perhaps one more example would help.

Example:  Show that (2xy3 + e®)dx + (3x2y2 - 2y)dy is exact and find the

function F(x,y) for which it is the total differential.

Solution: Setting P = 2xy3 + &%, Q = 3x2y2 - 2y, % = 6xy2,

%—S‘ = 6xy? and the differential is exact. To find F,

we must first integrate P with respect to x, regarding
y as a constant. Thus,

X

F(x,y) = f(nyfl +e¥)dx = x2y3 + ¥+ c(y)

Note that the constant of integration is a function of y.

. oF _
To find c(y), use 3y Q.

%= 3x2y2 + ¢*(y) = Q@ = 3x%y? - 2y

which implies c~(y) = -2y or c(y) =f—2ydy = -y2 + k.

Thus, F(x,y) = x2y3 + e* - y2 + k. You should check

that ——=Pand — = Q.

This is not the only way to find F. For example, you could first use F(x,y) =

dey and use % = P to determine the constant of integration. (Try it.) Do not

worry about Example 4, page 690.
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Exercises

Riddle, page 691, Section, 21.5, problems 1, 3, 5, 7, 11, 17, 19

Self-Assessment 36-25.5

1. Find the total differential df for

a. f(x,y) = %» + gny

b. f(x,y) = xsin(x+y)

2. Test for exactness. If the differential expression is exact, find the
function F(x,y) for which it is exact.

a. eYdx + (xe¥-2y)dy

b. (2x3y+3y2)dx + (3x2y2 + 6x)dx

Unit 36-25.6

36-25.6 You will be able to use the total differential in
approximation problems.

Study Pages
Riddle, pages 692-693, Section 21.6

Learning Supplement

Again, recall that for y = f(x), dy = f*(x)dx is used to approximate

Ay = f(x + ax) - f(x) when Ax is small. Compare this to the situation for a
function z = f(x,y). In this case, dz = g;-dx + %§~dy, and dz is used to
approximate az = f(x + ax, y + ay) - f(x,y) when ax, Ay are small. In applications,
we set dx = ax, dy = ay. Study the examples in the text carefully. In Examples 1
and 2 note the use of the triangle inequality for absolute value, |a+tb| < [a] + |b]

In Example 1, |dA| = [ydx + xdy| < |ydx| + |xdy| = |y]|dx]| + |x]|dy].

-17-



Example:

Solution:

Two sides of a triangle were measured as 150 ft and
200 ft, and the included angle as 60°00'. If the
possible errors are 0.2 ft for the sides and 10' for
the angle, find the greatest possible error in the

computed area.

For a triangle A = %-bh = %—x(ysina) = %»xysine.

/.
X

Hence, A is a function of three variables (x,y,8),
but we can compute dA as in the case for two variables

and use dA to approximate AA = A(x+Ax, y+ay, 8+ 88)-A(X,y.0).

Thus, A = xysine = 1 (150)(200)(‘/_%)"'12,990.4 f12,
S A, Ay, B
and dA = ox dx + 3y dy + 26 de

= '(%»ysine)dx + (%~xsine)dy + (%~xycose)de

If x = 150, y = 200, 8 = 60°, |dx| < .2, |dy| < .2,

and |de|< 10" = 0.0029 radians (note that radian measure

must be used), then

jaAl < 1200 (3 (.2) + H150) (. 2) + 3150 (200) () (- 0029)

ldA] < 52.1 ft2.

By these measurements, then, A = 12,990.4 ft2 with a

maximum error of |dA| < 52.1 ft2.
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Exercises

Riddle, pages 693-694, Section 21.6, problems T, 5, 7, 9, 13

Self-Assessment 36-25.6

12.2
V4.1

1. Use differentials to approximate

2. A box with a square base was found to have a height of 10 cm, and the length
of a side of its base was found to be 5 ¢cm. If the maximum error in each
measurement was .1 cm, find the volume of the box and a maximum error in this

calculation of the volume.

3. Exercise 12, page 604, Riddle
Use 30" = .00015 radian, tan 23° = .4245, sec 23° = 1.0864, and a calculator.

36-25.7 You will be able to find the gradient of a function of
two variables and the directional derivatives of a
function of two variables.

Study Pages
Riddle, pages 694-698, Section 21.7

Learning Supplement

The partial derivates of z = f(x,y) give us derivatives in two directions, the
x-direction and the y-direction. Derivatives in the other directions are handled
by the idea of directional derivatives. Notice how the definition of a directional
derivative is similar to the definition of a derivative of a function of one
variable. Here we are specifying that we must approach (x,y) in the direction
determined by the vector ¥, and hence we are working in one dimension. So, as

h + 0, hcosé -~ 0, hsiné > 0 which implies (x + hcos®, y + hsine) + {x,y) along

the line determined by v. Thus,
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f(x + hcose, y + hsing) - f(x,y)
sz = Tim h
h->0

is similar to f-(x) = 1lim fxth) g f(x) because for f*(x), (x*+h) > x as h > 0.
h->0

Geometrically, f-(x) is the slope of the curve y = f(x) at (x,f{x)). Note how
this is also similar to the geometric description of the directional derivative

given in Riddle on the bottom of page 695.

Make sure you understand the relationship between directional derivatives and
partial derivatives given on page 696. Theorem 21.10 also gives a relatively
easy way to compute directional derivatives using partial derivatives. Using the

gradient of f, vf = %; i+ %;—j (page 698), Theorem 21.10 translates to

_ . . . . . : v
sz = yf « v if v is a unit vector. If w is not a unit vector, then TGT-15 a

i = 9f . Y
unit vector and Duz f 1iif

Example: If z=x3 +xy + y3and v =v31i - j, find Dy2-

Solution: |¥| = /3+T = 2. So, ¥ is not a unit vector.

Hence, sz = yf TVT = 50

[(3x2+y)i + (x+3y2)j] [1—‘;7—1 - ;—J]

1, _ 3x2/3 - 3y% - x + y/3
-
2 2

v of 3f &y /3 . 1
('—+§}7)(2 1"2‘3)

PN

i

(3x2+y) ==+ (x+3y2)(

Note that Dz can now be evaluated at any point (x,y,f(x,y)). In the above

example, at (1,0,1), sz = §f§7%_l .

Exercises

Riddle, pages 700-701, Section 21.7, problems 1, 3, 5, 11, 13, 15, 16
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Study Pages
Riddle, pages 699-700, Section 21.7

Learning Supplement

Now that you are familiar with directional derivatives, it might be natural to
ask, "if z = f(x,y) and the point (x,y) is fixed, you can calculate any number of
directional derivativesD'f as the unit vector ¥ varies. In what direction v is
the value ovaf a maximum?" The answer to this question is supplied by Theorem

21.12.

In the discussion following Theorem 21.12, note that the normal derivative of

z = f(x,y) is %% = |vf] = /(%{)? + %; )2, and this is the maximum value for D f

. . . : _vf
and the direction for this maximum value of va is v = TET_F

Example: Find the maximum value of the directional derivative
of f(x,y) = x2 - 6y? at (7,2,25) and determine its

direction.

-+

of & 3

Solution: vf = it 3 = 2xi - 12y§. Thus,

Q2

v
df _ .
&= |vf| = /B2 ¥ T88y2 . So, at (7,2,25) the

maximum directional derivative is,

|vf| = V&(7)2 + 144(2)2 = /772 = 2/1932227.8
and the direction is given by the unit vector

vE_ 2xd - 12yj _ 14% - 243 _ 74 - 12§

v = =
kil 2/193 2/193 /193
= (cose)i + (sine)j
So, cose = ——Z——-, sing = =12 and the direction is
V193 v193

9 =2 300°15'. (Note: It is really not necessary to

determine @ since the vector v determines the direction.)
_21-



Exercises

Riddle, page 701, Section 21.7, probiems 21, 23, 27, 31

Self-Assessment 36-25.7

1. Find the directional derivative of z = e in the direction of v = 31 - 43.

2. Find the directional derivative of z = ysinx in the direction of v = § - /3 §

at (0,2,0).

3. For z = x3y, find the maximum directional derivate (normal derivative) and its

direction (in terms of a unit vector w) at the point (1,4,4).

Unit 36-25.8

36-25.8 You will be able to find the equations of the tangent
plane and the normal line of a surface at a given point.

Learning Supplement

In studying functions of two variables it is instructive to consider what happens
for a function of one variable and then see if and how this concept can be inter-
preted in the two variable case. For example, it has already been shown that a
partial derivative of z = f(x,y) (and a directional derivative) represents a
slope of a curve formed by the intersection of the surface of z = f(x,y) and a
vertical plane. (For a partial derivative, this plane is parallel to either the
x or y axis.) This is similar to the fact that a derivative of a function of one
variable is the slope of a curve at a-given boint. Since the derivative of

y = f(x) can be used to determine the equation of a line tangent to y = f(x}, it
seems reasonable to expect that the partial derivatives of z = f(x,y) could be

used to find the equation of a plane tangent to z = f(x,y).
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In order to understand the development of the equations for the tangent plane
and the normal line, it is essential that you understand the concepts studied

in Mathematics Module 57-36-20 (Riddle, Chapter 20), and, in particular,
Theorems 20.17 and 20.24 in Riddle. Recall that in order to determine the equa-
tion of a plane, we need to know a point in the plane and a line Z perpendicular
to the plane. Also, if u,v are two vectors in a plane, then the vector u x v is

perpendicular to both w and v.

Study Pages
Riddle, pages 701-705, Section 21.8

Learning Supplement

The only results you need concern yourself with in this section are Theorems 21.13

and 21.14 which give a s}mple method to determine tangent planes of a surface.

In the proof of Theorem 21.13, the vectors u,¥ on page 702 lie in the tangent

plane. The vector ¥ Ties in the plane y = Yo and so has J-component = 0 (since

any two points in this plane have y-coordinate = yo). If the i-component is then
3z

set equal to one, then the k-component is %f»since ~— = slope of the tangent

X
line (see Figure 21.6, page 703). Thus, v =1+ 0 « § + g—i— k. Similarly,
u=0--1+J+ %;—k, since @ is in the plane x = Xq- Next, w x ¥ gives a

vector perpendicular to both u and v and hence perpendicular to the tangent plane.
Then, Theorem 20.24 is applied to give the equation of the tangent plane.
Theorem 21.14 is a very simple consequence of Theorem 21.13 and the methods of

implicit differentiation (Theorem 21.7).

Exercises

Riddle, page 707, Section 21.8, problems 1, 3, 5, 9, 13,15



Self-Assessment 36-25.8

Find equations for the tangent plane and normal line to the given surface at the

indicated point.
1. z=x2 - xy at (2,-1,6)

x2cosy at (2,0,4)

n
™~
"

3. xyz+x+y+z=-3at (1,-2,2)

Unit 36-25.9

36-25.9 You will be able to determine the relative maxima,
relative minima, and saddle points of a function
or two variables. '

Study Pages
Riddle, pages 708-710, Section 21.9

Learning Supplement

In the first paragraph of Section 21.9, the text states that in order to have a
relative maximum or minimum, there must be a horizontal tangent plane. Thus, if

(a,b,f(a,b)) is a relative max or min, the tangent plane has equation z = f(a,b).

af af

Hence, by Theorem 21.13, A = 3% | (a,b 5y' (a.b

) =0 and B = ) = 0. A critical

point is defined to be a point where both partial derivatives equal zero, and in
order to determine the critical points, you solve the simultaneous system of two
af of

equations T 0 and §§'= 0. This corresponds to locating critical points by

solving f-(x) = 0 in the one variable case.

In the one variable case it was sometimes possible to determine if a critical
point was a rel. max or min by using the second derivative. The reason why the
use of the second partial derivatives to determine if a critical point is a rel.

max or min or neither is more complicated, is that there are many directions from
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2 32
which to approach that point, and g;g». i;g» deal with only two directions,

parallel to the x-axis and parallel to the y-axis. They do not say anything
about what happens in the other directions. A couple of examples.should illustrate

this.

. - = 2 o g2 sz _ _ 9z .
Example 1: z = f(x,y) = y ™ 2X, 3y 2y

The only critical point is (0,0,0). In the x-direction,

2
-%;%—= -2, and (0,0,0) is a rel. max in the x-direction

(second derivative < 0). (This means that (0,0,0) is
a rel. max for the curve formed by the intersection of

z = f(x,y) and y = b, in this case, z = y2 - x2 and

|l

y = 0, which yields z = -x2.)

32z

E - 2 and (0,0,0) is a rel. min

In the y-direction,

in the y-direction. Hence, by investigating only these
two directions, it is seen that (0,0,0) is neither a

rel. max nor a rel. min. In this case, (0,0,0) is callied
a saddle point. WNote: By restricting ourselves to a

line in the plane (in the above example, x=0 or y=0)

we have changed the problem to a function of one variable,
and we can use everything we know about a function of one
variable to study the curve in the vertical plane deter-
mined by that line. In the next example, the line y=x

will also be used.
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x =0
y-direction

Y =X
yd
v
Ve
7
Ve
s y=0
x-direction
/
/7
v
v
Example 2:  If z = f(x,y) = 2x2 - 5xy + y?, then 3= = 4x - 5y,

3y

2
In the x-direction (y = 0), §;§-= 4, (z

32 . gy o+ 2y and (0,0,0) is the only critical point.

f(x,0) = 2x2),

and (0,0,0) is a rel. min. In the y-direction (x = 0),

32z
dy2

—% = 2 and (0,0,0) is a rel. min. However, along the

line y = x, z = g(x) = f(x,x) = -2x?, and g"(x) = -4

implies (0,0,0) is a rel. max in this direction.

Thus, (0,0,0) is a saddle point. (It cannot be a rel.

min, since f(x,x) < 0 = f(0,0), for all x # 0.)

These two examples were for illustration purposes only. You will not usually have

to use such an analysis. It is hoped that they illustrate the need to use some-

32f

: 2
thing more complicated than just 2—;-and 32 which deal only with the x and y

9Xx

directions. You should now go back and do both examples using Theorem 21.16.

Also,

study the four examples in the text. However, you may have to do something similar

to what was done in Example 2 in the rare case that D = 0.
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Example 3: Test z = f(x,y) = g~+ % + xy for rel. max and min.
.o _ -4 -4 =
Solution: w2ty Zty=0
of _ -2 -2 =
‘a‘i'y2+y y2+x 0
Using the first equation, y = i%—, and substituting
into the second, x = 2 - 52» Thus
s -8 ¢ s

x* - 8x =0o0rx(x3-8)=0
x(x-2)(x2 +2x+4) = 0.
x cannot be zero and so x = 2 is the only valid

solution and (2,1,6) is the only critical point.

02 8 af 4 92f 8% _
X2 3% 3y 37 3ysx 3yaxX

Yy
- (8,4 2 -
Thus, at (2,1,6) D = (gJ(TO - 12 =35> 0. Also,

[
x

32f _ 3 _ . .
e 1, vz " 4 imply (2,1,6) is a rel. min.

Example 4: Test z = f(x,y) = x3 + x2Zy + y2 - 4y + 2 for rel. max and

rel. min.
cope f _ 52 f _ 2 -
Solution: 3 3x% + 2xy, 3y X%+ 2y - 4

To find the critical points, start with 3x2 + 2xy = 0
which implies x(3x + 2y) = 0, i.e., x = 0 or 2y = -3x:
Then,
(a) x=0and x2 +2y - 4 =0 yields y = 2.
(0,2,-2) is a critical point.
(b) 2y = -3x and x2 + 2y - 4 = 0 yields x2 - 3x - 4=10
or {x-4)(x+1) = 0. Thus, x = =1 or x = 4, and

(-1, %-, %?-) and (4,-6,-10) are critical points.
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-
w
N
-
Y]
[N
—

32f %, 32 _
xZ ~ bx + 2y, ay2 2, 3yax  axay
)

and D = (12x + 4y

= 2x
- 4x2. Thus,
(1) At (0,2,-2), D = (4)(2) - 0> 0 and
(0,2,-2) is a rel. min.
(2) At (4,-6,30), D = -40 and- (4,-6,-10) is
a saddle point.
-5

(3) At (-1,%, %), D= -10and

(-1, %', %? ) is a saddle point.

Exercises

Riddle, pages 710-711, Section 21.9, problems 1, 3, 5, 7, 8, 13, 15, 17, 21

Solution to Number 8: (3,0,27): D = -144 saddle point
(3,4,-5): rel. min.
(-1,0,-13): rel. max.
(-1,4,-45):D = -144 saddle point

Hint for Number 21: Use the distance formula and get

oo
n

- -33)2 ~4)2
Yx-T)2 + (y-3)2 + (z-4) . Substitute
z=1-2x +y and minimize D = d2.

Self-Assessment 36-25.9

Investigate for relative maxima and minima.
2
1. z = 4x2 - 8x - 4xy - %?-+ 4y

24y2
2. 7= Y (Use the fact that eV # 0 for all u.)

w
~N
]

X2y + xy2 - 3xy
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Answer Section

Premeasure 36-25.1

1 1im o= qim, =1
><—>0+ x x—>0+x
. x| . -X
2. Tim = lim _ — = -1
x>0 X x>0 %
|
3. Tim %L does not exist
x>0
Self-Assessment 36-25.1
1. Along x = 0, Tin XY Ti —Xé 1
. ng x = 0, = im = -
X+ 0 x2+ y2 y+0y
y=>0
2. 2 2
= ] - Y- - 3 P Sa
Along y = 0, x]lmo XF Y2 Xllmo <2 1
y=+90
. 2 _ g2 . 2 _gx2 . -3x2 _ -3
2. Along y = 2x, 1im %———-Lz= Tim 22220 = qim =7 = =
x>0 XTY x+ 0 X2 + 42 x—>05x 5
y-»20Q
X . .
3. Along x =0, lin £S5 - qip B jin SO =
x>0 Y y~>20 y~>0
y-0

X_.:
- . esiny _ s 0.
Along y = 0, xllmo Xty T1im X 0

y+0

Self-Assessment 36-25.2

3z 2 3Z . 2 _ oy2siny2
1. ax _ yeosy 3y x[cosy 2y smy:}

=1, = 3z 3z, - =
At (1,0.1), x=1, y=0and 32=0, ¥ =1[1-0]=1.



32 _ o
ax y2 >y ¥

= = iz _ 0 = 3z
At (0,1,1), x =0, y=Tand s-=e +0=1, ¥ 0

3z _ cosy 9z _ [ -siny 2cosy | . _, ysiny + 2cosy
dy y2 y3 y3

X y2
32z _
%2 0

32z _ _Xl: y3(ycosy + siny - 2siny) - 3y%(ysiny + 2cosy) ]
y6

=X [y‘*cosy - 4y3siny - 6y2cosy:]

=X [yzcosy - Qysiny - Gcosy:]

82z _ =-siny _ 2cosy . 3%z
3yax y2 y3 X3y

8z 2x °z _ _ 2y

X x2+_y2’-37 X2 + y2

32z _ 2(x2 + y2) - 2x(2x) _ -2x2 + 2y

xz (x2 + y2)2 2+ y2)2
%z _ 2(x2 + y?) - 2y(2y) . -2y + 2x®
3y2 (x2 + y2)2 (x2 + y2)2
32z _ 0 - 2x(2y) _ -4xy

3yax  (x2 + y2)2 = (x2 + y2)2

32z _ 0 - 2y(2x) _ __ -4xy
syax  (x2 + y2)2 T (x2 + y2)2
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2.

Premeasure 36-25.3

%% = [cos(4x2 + 2xi] < (8x +2) = (8x + 2)cos(4x2 + 2x)

i 2
%%.: gﬁ.. %% = oY . (2xcosx2) = 2xe® ™ cosx?

Self-Assessment 36-25.3

dz _ 3z  dx , 3z  dy_ 32040 . = 32+l 4 35200
dt " ax S dt T3y dt 3x2(te" + e7) - 1 - (cost) = 3x2te 3x2e
oz _ 2z ax 0z 3y 2, v _ X2 gy . xpe - x?

30 9x du 3y du Yy y2 y2

2 Vo x2 v
2.9z %, 32, 3y 2x (oY) - ;7.(9V) = ZEXEEYE____E_

(=%

N
n

Q@

N
+

<t

N
53
"

(2xy+1) + x2(xe* + ¥) = (2x2e"+1) + x3e* + x2e*

3x2e* + x3eX + 1

P 3P dl, P R, .dl, o, R
Eoor at R g RT3

= 2(40)(30)(0.5) + (40)2(-0.4)
= 1200 - 640 = 560

Premeasure 36-25.4

1.

oy -2
2x + 2y %¥~= 0 implies a¥-= 75% = -

4y o 2c0sx = siny Y
2y ax sinx + y<cosx = siny dx

%%—(Zysinx - siny) = -y2cosx

dy -y?cosx

dx ~ 2ysinx - siny

_31-
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Self-Assessment 36-25.4

1. F{x,y) = (x2+ y)2+y-2=0

of
dy _ X . _4x(x%+y)
dx ~ T TaF 2(x2t y) + 1
3y

2. F(x,y) = sinxy - cosx - cosy

o3F
dy _ _ _8x  _ _ ycosxy + sinx
dx aF xcosxy + siny
3y

3F 3F
3y - _ _8x_ _ _ 2(xt 9z _ _ By . _ 2(xty) - 3(y-z)?
ax aF 3(y-z)2 > 3 aF 3(y-z)2
3 3z
Ll
Y o _ 8z _ _ 3(y-2)2
3z aF 2{x+y} - 3(y-z)2
3
Premeasure 36-25.5
1. dy = y-dx = (3x2 - 2x)dx
2. 2xdx + 2ydy = 0
2ydy = -2xdx
dy = i} dx
Self-Assessment 36-25.5
. of f o1 1 = Ly 4 (42X
1o (a) df = Sodx+ fody = Sdet (G 4y )dy = gdx (Fz Jdx
(b) df = g;-dx + g;-dy = [}in(x+y) + xcos(x+yi] dx + xcos(x+y)dy
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2. {a) %§-= e = %8— . Exact.
F(x,y) =dex =feydx = xe¥ + cly)
%§-= xe? + c’(y) =Q-= (xe¥ - 2y). Thus,
c*(y) = -2y or c(y) = -y2 + k
F(x,y) = xe¥ - y2 + k
{(b) 5§»= 2x3 + 6y %% = 6xy2 + 6. Not exact.

Self-Assessment 36-25.6

1. z = fix,y) = X
vy
If x =12, y = 4, then z = Y2 = 6. The errors involved are dx = 0.2, dy = 0.1.
An estimate of the error of z is dz = af dx + af dz = 1 dx - X dy
3xX y /;; 3
2y?
- f# (0.2) - =2 (0.1) = .1- .075 = .025
4 2.42
Thus, —2:2 ~ 7 + dz = 6.025
T
2. V= xZy

x=5,y=10, [dx| < .1, jdy] < .1

v
oy

dV = 2xydx + x2dy which implies |dV| < |2xy| - |dx| + [x2] |dy| =

Thus, V = 52 -10 = 250 and dV = g—de + gy

(100)(.1) + (25)(.1) = 12.5

V = 250 cm® with maximum ervor |dV] < 12.5 cmd
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tane = % Xx,8 are known. So y = xtane .

Y
= 3y y
) Thus, dy X dx + 56 de or
X
dy = (tane)dx + (ysec?e )de , and
ldy] < |tane] |dx| + |ysec2e|]|de} x = 100, o = 23°
ldx| < 0.1, |de| < .00015

|dy| < (tan23°)(0.1) + 100(sec230)2(.00015)

= (.4245)(0.1) + 100(1.0864)2(.00015)~2 .06 ft.
|dy| < 0.06 ft. Note that y = xtane = 100(.4245) = 42.45 ft.

Self-Assessment 36-25.7

1. vz=2244+ & i= (yexy)i + (xexy)j

X 3y
v _3i-4_3. 4 .

= =% -+J. Hence,
N gvTs 505
Dz—vf-ﬁ—r:%(yexy)-%(xexy)

2. 9z = (ycosx)i + (sinx)j, -l-:—|-= i-433 . Thus,

2
v % (ycosx) - 3/%_— (sinx), and at (0,2,0)

3. vz = (3x2y)i + x3§. At (1,4,4), vz = 12§ + j and

It

4z _ |gq = » . vz _ 120+
== lvz| = /O2)2 + (1)2 = /145. The direction is == 4
an vz /135
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Self-Assessment 36-25.8

9z _ 9z _ _ _ ez _
1. 8—x~—2x-y, 3y x. At (2,-1,6), 5,

3z
W——Z

Equation of tangent plane is 5(x-2) - 2(y+1) - (z-6) = 0 or 5x-2y-z-6 = 0

Equation of normal line is x—:,,—z— =y o286

Z = _x2siny. At (2,0,4), g_)z(z 4, g—;

3 -
By =0

3z _
2. - 2XCOSY,
Equation of tangent plane is 4(x-2) - (z-4) = O or 4x - z - 4 = 0.

Equation of normal line is X—;g = 3:1—4 and y = 0

3. F(x,y,z) =xyz+x+y+2z+3=0. At (1,-2,2),

=xz+1=3, §§=xy+]=-1

3F
ay

@
-

=yz+1=-3,

@
x

Equation of tangent plane is -3(x-1) + 3(y+2) - (2-2) = 0 or 3x-3y+z-11 = 0.

Equation of normal line is X1, %-% = ===

Self-Assessment 36-25.9

3z _ 32 _ 4y -
1. 57-8x—8—4y, 3y 4x - y + 4. Thus,
2x-y-2 = 0
and (1,0,-4) is the only critical point.
4xty-4 = 0

32z _ 3%z _ 3%z _ 3%z _ _ 2
w8 gz b oayx T say - 4 At (1,0,-4), 0 = (8)(-1)-(-4)2 < 0

and (1,0,-4) is a saddle point.

2442 2402 2,02 -
2. g—)z(= 2xeX +y s %: 2yex +y . So, erX +y =0 ‘imp]'ies X = 0 since ex +y ‘0.

Similarly, y = 0 and (0,0,1) is the only critical point.

322 _ 20y XPYE 322 g0 oy X2HY2 327 | 3%z x2+y2
axz - (Ax*+2)e » ayz - (AyF2)e * dyax - axay - owve

Hence, at (0,0,1), D = (2)(2) - 02 = 4 and (0,0,1) is a relative minimum.



3.

32 5 3Z
ax C XYt yE -3y, oo
2xy + y2 - 3y = 0 gives y(2x+y-3)

x2 + 2xy - 3x = 0 gives x(x+2y-3)

There are four cases:

= x2 4+ 2xy - 3x

=0, i.e., y

=0, i.e., x

Oor 2x +y

0orx + 2y

(a) y =0, x+2y=3o0r (3,0,0) is a critical point
(b) y=0,x=200r (0,0,0) is a critical point
(c¢) 2xty = 3, x = D or (0,3,0) is a critical point
(d) x+2y=3

or (1,1,-1) is a critical point

2x +y =
32z ., 3%z _ 32z | 3%z _
ax2 = 2 ay2 2X5 ayax  axay X +2y-3
Thus, at
(a) (3,0,0), p = -9, saddle point
(b} (0,0,0), p = -9, saddle point
(c) (0,3,0) p = -9, saddle point
_ 32z 3%z _ . s

(d) (0,1,-1),p =3, 3z - 2 2" 2, relative minimum
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SELF-ASSESSMENT

1. Find all second partial derivatives of z = esxcosy.
2. a) If z = x2siny, x = ve" and y = u? + v2, find %5-, &z
u av
b) If eV = cos(x2z), find %%

3. Problem #32, page 680 in Riddle
)
4. a) Approximate v50 v26 using differentials.

b) If (8xy+3)dx + 4(x2+ y2) is an exact differential, find the function
F(x,y) for which it is the differential.
5. Find the directional derivative of z = x2e¥ + cosy in the direction v = § + j.
6. For z = %;», find the maximum directional derivative (normal derivative) at
(2,1,4) and its direction in terms of a unit vector v.
7. Find the equations for the tangent plane and normal line to the surface of
22 = x2 + y2 at (3,4,5).

8. Investigate for relative maxima, relative minima, and saddle points.

(@) z=1floy) = +5*xy

(b) z = f(x,y) = x* - 8x2 + y2 - 4y
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Answers to Self-Assessment

3Z _ 3,3 9z 3%
X 3e*"cosy, ay e’ siny
3%z _ o 3x 3%z _ __ax 32z _ 32z _ 3X_.
oxz = 9e”cosy, 5y2 ecosy, e = oy - -3e*siny
3 ] 3 3 .
a) B—S= ﬁ —3—E—+ 5% . g%= (2xs1ny)veu + (x2cosy)(2u)
8z _ 9z X . 3z | By . ; u 2
™ ax " av T 3y vy (2xsiny)e” + (x2cosy)(2v)
b} F(x,y,z) = &Y - cos(x2z)
aF
0z . _oax_ _ ye® 4+ 2xzsin(x?z)
ax aF x2sin(x2z)
9z
= dA_ 3R dx 3R dy . dx dy = 4. .3y dn2 _ 54 in?
A=xy G ax " datt sy S dt - YartXar - (42+53) mpme 28
’ 11
a) z="Ff(x,y) = x2y3. Llet x =49, y =27, Ax=dx =1, ay = dy = -1
Ll 12
Then, z = V&G ¥27 = 21 and dz =g—§dx + g—;—dy = (;—x 2 y3)dx + (1 x2y 3)dy
3 1 1 2
1 aay2 o7)3 140y 5197173 3 7 _-17
or dz = » (49) 2 27)3(1) + 3{(49) 2(27) 3.(-1) =i7-77° 378
Thus, /50 726222 + dz = 21 - 3de = 20 + 351 = 20.985
3P _ _ 8Q . - = a4x2
b) 3y " 8x = ax - exact. Thus, F(x,y) = | Pdx = 8x2y + 3x + c(y).
3
Also, Q = % = 4x% + c”(y) implies c*(y) = 4y2 or c(y) = %’— + k.
4y
Hence, F(x,y) = 4x2y + 3x + =+ k
= 3z 3Z 5 Y 259 - e
vz % i+ 5y J = (2xe”)1 + (x2e siny)i
. . N i+ 1 y Yy .
Dz=vz .4 = [(ery)i + (x2e¥ - s1ny)a]-[—‘i—]= — (2xe’ + x2¢’-siny)
Y w /7 /2



s S =45 - df - -
vz = 37-1 -2 § . At (2,1,4), vz = 4§ - 4} and il (2,1,8) |vz|
JTEFTE = /37 = 4/Z. The direction is 32 =4=4 _ 1 (5 _j)

vz 4z vz
= x2 +y2 - 22 = F _ F L,y 3
F(x,y,2) = x2 +y z 0. 37 = 2% 3y 2y v 22
Thus, equation of tangent plane at (3,4,5) is 6(x-3) + 8(y-4) - 10{z-5) = 0
or 3x + 4y - 5z = 0. Equation of normal line is 5%§-= léi = %%é

3f _ -4 af _ -2 -4 _ _ 4 =2
a) WMoty 3y - §§-+ x. Hence, sz +y =0,y =33 and (t§:jf + X

X2
yields x* - 8x = 0, x(x3-8) = 0. x =0 or x = 2 and the critical point
26 8 a2 _ 4 92f _ 92 _ .

is (2,1,6) X2 X3 ay2 73 dyax " axay 1. Thus, at (2,1,6)

D=(1)(4) - 1250 and (2,1,6) is a rel. min.

3 _ 43 . L,y
b) ™ 4x 16x, 3y 2y - 4

4x3 - 16x = 0 yields x = 0, x = 2, or x = -2

2y - 4 = 0 yields y = 2.

(-2,2,-20)
32f _
o 12x2 - 16,

32f _

Iyax

82f
3IXay

32f _ -

s

yz

Critical points are (0,2,-4),

0

(2,2,-20), and

Thus, at (0,2,-4)D = (-16)(2) - 02 < 0, saddle point

at (2,2,-20)

>

» D= (32)(2)2- 0

0, rel. min.

at (-2,2,-20), D = (32)(2) - 02>0, rel. min.
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COLLEGE IV MODULE EVALUATION FORM

TO ALL STUDENTS OF THIS MODULE:

To improve the modules of College IV so that they better meet YOUR need,

you are urged to complete this module evaluation form. Any student (whether
registered or not) who has completed their work on this module is asked

to answer the following items. A1l responses will remain anonymous; do

not return this form to your professor. In advance, thanks.

RETURN TO: Green boxes Tocated in Commons Room--Lake Michigan Hall--Room
#154 or to Faculty Offices--Room #121, or to Laboratory--Rm. #136
MAIL TO: Module Evaluation Project, College 1V, GVSC, Allendale, Mi. 49401

Enter the name of the module and its number:

name number

1.

Please answer the following questions by circling the appropriate response,
or filling the blank.

Which one of the following statements 3. ‘For my preparation and ability
BEST characterizes your involvement the level of difficulty of
with this module? this module was . -
1. I am registered for this module 1. Very easy
and am officially classified as 2. Somewhat easy
a College IV student. 3. About right
2. 1 am registered for this module 4, Somewhat difficult
and am classified at Grand Valley 5. Very difficult
giugeﬁﬁf’ TC, WIC, or Seidman 4. The workload for this module

in relation to other modules

3. Although I am not registered for of equal credit was

this module, I am using it to

study for another course or module. 1. Much lighter
4. Although I am not registered for 2. Lighter
this module, I obtained a copy of 3. About the same
it to Tearn more about the subject 4, Heavier
matter. 5. Much heavier
2. How do you personally rate your chances. 5.  In total, how many hours did
for passing the mastery exam? you spend working on this
1. Excellent 5. I have no idea modute?
2. Good 6. I have already
3. Fair taken the exam hours
4, Poor 7. - I am not taking
the exam
6. What portions of the material in this module were the most difficuit for you
to understand?
7. What did you 1ike best about this module?

(OVER, PLEASE)




MODULE EVALUATION FORM (CONT.) .

Below are a series of statements referring to specific characteristics of

this module and your experiences with it. Indicate your response to each

statement by circling the appropriate number at the right according to the
following scale:

NA: 0 = Not Applicable or Don't Know. The statement does not apply to
this module, or T am unable to give a knowledgeablie response.
SA: 1 = Strongly Agree with the statement.
A:. 2 = Egree. 1 agree more than I disagree with the statement.
D: 3 = Disagree. I disagree more than I agree with the statement.
SD: 4 = Strongly Disagree with the statement.
AGREE DISAGREE
NA[SA A D SD
8. The objectives for this module were very clear........0] 1 2 3 4
9. I found considerable agreement between the stated ob-
jectives of the module and what I actually learned....0| 1 2 _3 4

10, I easily understood the basic concepts of this module.0| 1 2 3 4
11. 1 found the assigned readings stimulating and thought

PrOVOKINGueeeeeaeosossssosescscasesanscsnsancsssnnsassd] 1T 2 3 4
12. 1 always understood what the professor expected of
me as a Student.ieieeeenrniieioensesencorensesnsenenass0] 1 2 3

13. I found that the exampies in the module helped me.....0| 1 2 3 4
14, Whenever I sought help from the professor, she/he was

readily available for consultation....eceveeeieceesss0] 1 2 3 4
15. Whenever I sought help from the tutor, she/he was

readily available for consultation...eeeeeeeeseeesnea0) 1 2 3 4
16. I found that the media and audio-visual aids helped

me understand the subject material of the module......0} 1 2 3 4
17. The self-assessment test at the end of a unit{s) was

a good measure of what I learned.ccceeeessnnneneenaess0f 12 3 4
18. I was able to easily obtain all the materials

necessary to complete the module.....eeevevreecseene.0] 1 72 3 4

19.  What suggestions do you have for improving this module? You may want to
- include both ideas and complaints about content, use of media, the sequence
of learning activities, and the assigned workload.

20, Taking all .things into account, what overall rating do you assign to this
-module (Superior, Good, Fair, or Poor)? Please explain.




